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Abstract 



In asymptotically anti-de Sitter gravity, diffeomorphisms that change the 
conformal boundary data can be promoted to genuine physical degrees of 
freedom. I show that in 2+1 dimensions, the dynamics of these degrees 
of freedom is described by a Liouville action, with the correct central 
charge to reproduce the entropy of the BTZ black hole. 
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For those who beheve that black hole entropy counts microscopic quantum states, the 
(2+l)-dimensional black hole of Banados, Teitelboim, and Zanelli [1] presents an inter- 
esting conundrum. In three spacetime dimensions, general relativity is a "topological" 
theory, with only a finite, and typically small, number of global degrees of freedom [2]. 
The BTZ black hole, on the other hand, can have an arbitrarily large entropy. Where do 
these states come from? 

In the Chern-Simons formulation of (2+l)-dimensional anti-de Sitter gravity [3,4], 
an answer to this question is known. Chern-Simons theory is a gauge theory, with gauge 
transformations parametrized by group elements g E G. In general, fields that differ 
by gauge transformations are physically identical. But at a boundary — including the 
conformal boundary of an asymptotically anti-de Sitter space — gauge transformations 
become symmetries rather than invariances, and gauge-equivalent fields are physically 
distinct. Such inequivalent fields can be labeled by the group element which itself 
becomes a dynamical field at the boundary [5,6]. In general, the induced dynamics is 
that of a chiral WZW model, but for (2+l)-dimensional gravity, slightly stronger anti- 
de Sitter boundary conditions reduce the action to that of Liouville theory [7, 8] . The 
degrees of freedom of the BTZ black hole may thus be viewed as "would-be pure gauge" 
degrees of freedom that become dynamical at the boundary [9] . As a partial confirmation 
of this picture, the central charge of the induced Liouville theory — which matches that 
of the asymptotic symmetry group in the metric formalism [10] — has precisely the right 
value to reproduce, via Cardy's formula, the correct BTZ black hole entropy [11]. 

Unfortunately, the Chern-Simons derivations [7, 8] of Liouville theory rely heavily 
on features peculiar to 2-1-1 dimensions, and their implications for higher-dimensional 
gravity remain unclear. Liouville theory has appeared in the metric formalism in several 
contexts as well [12-19], but the Liouville field has largely been treated as an auxiliary 
field or as a field "dual" to the bulk degrees of freedom. This contrasts sharply with the 
Chern-Simons picture, in which the Liouville field is a piece of the ordinary gauge field, 
albeit a piece that becomes physical only at the conformal boundary. 

But the metric formalism also has a gauge-like symmetry, diffcomorphism invariance, 
which should also lead to new physical degrees of freedom at a boundary. The goal of 
this paper is to show explicitly that these "would-be diffcomorphism" degrees of freedom 
are, indeed, described by a Liouville theory with the correct central charge. 

We begin with a Fefferman-Graham-type expansion [20] of the metric near infinity, 

ds^ — —£^dp^ + gijdx^dx^ , with gij — e^^^g ^j{x) + ^g ^j{x) + . . . , (1) 

where i = 0, 1 and the cosmological constant is A = — 1/^^. The Einstein field equations 
then yield [21] 

(2). iHO) (0)(2) (0)(2) 

9 i^-^R, jk-^j9ik^^^ (2) 

where indices are raised and lowered and covariant derivatives defined with respect to 

(0) 

the conformal boundary metric g It should be noted that in 2-1-1 dimensions, these 
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results do not require the full field equations, but follow from the Hamiltonian and 
momentum constraints at constant p. As in the Chern-Simons approach, we will impose 
the constraints, but need not assume the full "bulk" equations of motion. 
Let us now consider a coordinate transformation 

1 , (2) 

, (2). 

x' ^x' + e-^''h\x) + (3) 

(2) (2). 

and determine / and h"^ by demanding that the metric remain in the form (Q). It is 
easy to check that 

/'2 (2) / (2) \ (2) (2) 

9pi = -^d.if - 2e^ h „ g,, = -e[l-Af e-^M + Ae-^'e^'g^^ (4) 
and thus [22] 



(2) P (2) P (0) 

4 ^' 16 
The spatial metric in the new coordinate system may then be calculated; one finds 



hi = --e-'^d,^, f = -—e-^ T'd^^d,^. (5) 



gij = e''e'^g ij + STcGiTij + ( ^ - — ^ - — A ^ ^^e'^ j + ... (6) 



where 

f r 1(0) (0),, WW (0) (0) (0) 

diipdjip --gijg "'dkipdiip - 2 Vj<^ + 2g ^jAip + \g ^^e^ 



(7) 



is the stress-energy tensor for the Liouville action 



,2 ^/(o)Al(o),,. o 



luou = J d'xy g \^-Y'diipd,ip -^R- J . (8) 

This appearance of the Liouville stress-energy tensor is not new: it was introduced 
in [14,15] as a means of integrating the Einstein equations (j^j), and was derived from 
coordinate transformations in [12,16,18]. What has been missing so far is the recognition 
of the field ip in the stress-energy tensor as a genuine dynamical degree of freedom. 

To obtain the dynamics of the Liouville field, let us start with the Einstein-Hilbert 
action 



where is the induced metric on the boundary dM. The last term in is the regulator 
introduced in [21, 23] to make the action finite in the limit that the boundary goes to 
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infinity. Initially we evaluate the action in asymptotically anti-de Sitter space with a 
boundary at p = p, with p ^ oo. With the coordinate transformation 0, though, we 
should place the boundary at a location at which the new radial coordinate is constant; 
that is, in the original coordinate system, 

P = P+^^ + e-'4V--- = F(a;). (10) 
The induced metric and unit normal on this boundary are easily seen to be 

7,, = - i%FdjF, n'^ = (1 - fg'^d^Fd.F)-'^' Q, ig'^d.F^ . (11) 

Using the expansion (^, it is straightforward to show that 

= ^e'^yf - f^f ^a.F9,F + ig. ( ^"P'a,F I + . . . , (12) 

^ , 1 /W(2), 



V^^>g = e g +-\/ g g i + 

all evaluated aX p = F . Further, since ^^^R = — 6/£^, the "bulk" term in (jHl) contributes* 



again evaluated aX p = F . The term proportional to p in (jl3|) is the logarithmic divergence 
described in [21], and in general it must be eliminated by an additional counterterm. In 
three dimensions, though, the field equations imply that the potentially divergent 
contribution to the action vanishes: the integral of the scalar curvature of the two- 
dimensional boundary is a topological invariant, and is zero when the boundary has the 
topology of a cylinder. 

Inserting (fT^ and (fT^ into the action Q, we obtain 

(2) 

If we now use the definition fllO|) of F and the field equations (0) for g this expression 
becomes precisely the Liouville action (jHJ with A = 0. It is evident that in this derivation. 



*As in the derivation of (0, we need not assume the full "bulk" field equations; it is sufficient to 
require that the constraints hold. 
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the Liouville field can be interpreted as a new dynamical degree of freedom, appearing 
because the diffeomorphism (jH)) is not a true gauge invariance at the boundary [24]. 
This result is to some extent implicit in [12], where the authors relate the Liouville field 
to broken diffeomorphism invariance at the conformal boundary, and [25], where the 
authors note that asymptotically nontrivial diffeomorphisms are related to shifts in the 
Liouville field, but neither of these references derives a dynamical boundary action. The 
dynamics is derived by Manvelyan et al. [19], using an approach similar to the present 
construction, and can also be obtained, in its nonlocal Polyakov form, by "integrating 
the conformal anomaly" [25,26]. In these references, though, the emphasis is on the 
AdS/CFT correspondence; the Liouville field is regarded as dual to bulk degrees of 
freedom, and the aim is to demonstrate that the symmetries — including the anomalies 
and the finite cocycles — match between the bulk and boundary. 

We now have a new interpretation available: the parameter appearing in the asymp- 
totically nontrivial "bulk" diffeomorphism (jS)) has become a dynamical variable at the 
conformal boundary, with dynamics given by the Liouville action. Just as in the Chern- 
Simons model, "would-be gauge transformations" at the boundary provide new degrees 
of freedom. Expressed in a slightly different way, the presence of the boundary breaks 
the bulk gauge invariance — in particular, the constraints become second class [24, 27] — 
and one can view the Liouville field as an analog of a Goldstone boson arising from this 
symmetry-breaking. 

The coefficient in front of the action (jH)) corresponds to a classical central charge [28] 

of 

Moreover, the BTZ black hole in Fefferman-Graham-type coordinates has metric compo- 
nents [12,29] 

(2) r+ ± , , 

V±± = (16) 

from which one can obtain the classical value of the Liouville stress-energy tensor ((Zj) and 
thus the classical Virasoro charges. The resulting values of Lq, Lq, and c are precisely 
those required to obtain the correct BTZ black hole entropy from the Cardy formula [11]. 
Recent work by Chen has suggested that the "nonnormalizable states" of Liouville theory 
can be counted, and can correctly match the Cardy formula [30]. If this is in fact the 
case, then the results of this paper lend support to the conjecture [9,31] that the true 
microscopic degrees of freedom of any black hole are "would-be diffeomorphisms" made 
dynamical by boundary conditions. 

Finally, it is interesting to compare these results to the Chern-Simons derivation 
of Liouville theory in [7,8]. Note first that the present derivation, like most metric 
approaches — for example, [14,15,26] — most naturally yields a Liouville action with A = 0. 
The Chern-Simons approach, on the other hand, naturally leads to a nonzero value of A. 
The difference can be traced to a difference in boundary conditions. Rather than fixing 
the metric at the boundary, the Chern-Simons derivation fixes certain linear combinations 
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of the triad Cq = e^adx^ and the spin connection Ua = ^eabc^^^'^dx^. This change has 
two consequences [32]: the coefficient of the extrinsic curvature term in the action is 
altered, and the extrinsic curvature is itself replaced by a first-order expression, 

d^Xy/^k = J uJaA e". (17) 

One can always find a local Lorentz frame in which K = K. But K is not invariant under 
local Lorentz transformations, and new degrees of freedom — "would-be local Lorentz 
transformations" — will now appear. 

The A term in [7, 8] can ultimately be traced to these new degrees of freedom, which 
are integrated out to give a Liouville potential. A direct comparison with this paper is 
difficult, since the Chern-Simons derivation involves field redefinitions that do not easily 
translate into a metric formalism. But an analysis of the boundary term ()17|) is actually 
sufficient. Under a local Lorentz transformation, parametrized as in [7] by 



1 X \ / \ / 1 

1 M )\y I 



(18) 



this boundary term becomes 

2 j Tr[{g-'eg)A{g'^ug + g-'dg)] 

= J cUaAe^ + ^j dzdzepy-e^l^By - e-^'^d{xe^/^) + x^e^'^dy] . 

(19) 

At a surface determined by boundary conditions (fTUj) . the equations of motion for x imply 
that dy = 0] a field redefinition ip ip — \a{\~^dy), which does not change the kinetic 
or curvature terms in the Liouville action, then introduces exactly the desired potential. 

While this result suggests that the metric and Chern-Simons formalisms are inequiv- 
alent, the difference is not yet fully understood. It has been suggested in [25] that the 
Liouville potential term may appear as a finite renormalization counterterm. This is prob- 
ably not the case in the holographic renormalization program [33],^ but the Euclidean 
approach of [17] suggests that such a term may be unavoidable for more complicated 
configurations in which the boundary is not conformally fiat. 

Regardless of the significance of the potential term, though, the comparison with the 
Chern-Simons approach also demonstrates that in a more general setting, the "would-be 
diffeomorphism degrees of freedom" may have interesting interactions with other bound- 
ary fields. Results from the AdS/CFT correspondence [34] suggest that such couplings 

'''Even here, there is a dehcate issue. In a conformally flat manifold, only the sign of A has physical 
significance: the value of A may be changed arbitrarily by a constant shift in Lp. Thus a potential term 
appearing at any order may be physically important. 
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are necessary for a dynamical description of the BTZ black hole, and may ultimately 
explain such phenomena as Hawking radiation. 
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